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Abstract: We define a Regge limit for off-shell Green functions in quantum field 
theory, and study it in the particular case of conformal field theories (CFT). Our 
limit differs from that defined in [6], the latter being only a particular corner of the 
Regge regime. By studying the limit for free CFTs, we are able to reproduce the Low- 
Nussinov[9], BFKL[2] approach to the pomeron at weak coupling. The dominance of 
Feynman graphs where only two high momentum lines are exchanged in the t-channel, 
follows simply from the free field analysis. We can then define the BFKL kernel in 
terms of the two point function of a simple light-like bilocal operator. We also include 
a brief discussion of the gravity dual predictions for the Regge limit at strong coupling. 
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1. Definition of the Regge limit 

In the grand old days of Regge theory, a great deal of effort was devoted to finding Regge 
behavior of amplitudes in field theory by summing classes of Feynman diagrams[l]. 
There was, to our knowledge, no satisfactory derivation of Regge pole behavior by 
these methods, because it was not possible to show that the neglected diagrams were 
indeed sub-leading in the Regge limit. 

The modern QCD based approach to the Regge limit [2] studies the limit s — > oo 
with —t ^> Aq CD fixed. It is claimed that leading order weak coupling results are 
valid in this regime. In the case of the scattering of quarkonia, where both target 
and projectile are composed of quarks with mass ^> Aqcd this seems to be correct [3]. 
Nonetheless, there does not seem to be a clear understanding of the corrections to 
leading order formulae, the domain of applicability of the results, or their relevance to 
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actual experiments. Furthermore, these results explore only a corner of the full Regge 
regime, which is not the relevant regime for most phenomenology. 

A new slant on this subject was provided by the seminal work of [4], which used 
the AdS/CFT correspondence. These authors observe that at least in the planar limit 
at strong 't Hooft coupling, the string dual of Af = 4 Yang-Mills theory, defines a Regge 
limit, in which one can calculate world sheet integrated correlation functions of string 
vertex operators. These should correspond to planar correlators of CFT operators[5], 
so there should be a Regge limit in conformal field theory! The authors of [4] did not 
provide a precise definition of the Regge limit for CFT correlation functions, which was 
attempted by [6]. 

The aforementioned work motivated us to look for a definition of the Regge limit 
purely in CFT terms. We find something a bit different than the authors of [6] , and we 
will explain the differences below. Our definition of the Regge limit can be applied to a 
completely general quantum field theory. In this paper we will explore only conformally 
invariant examples, where the results are relatively simple. With luck, this line of 
research might lead to a rigorous framework for studying Regge behavior in real QCD. 

Consider a generic time ordered Green function 

(0\T<j> 1 {x 1 )(f> 2 (x2 = 0)...<l> n {x n )\0). 

The fields can be either elementary or composite at each point. Despite the notation, 
they need not all be scalars. Note that we have used translation invariance to bring 
the second field to the origin. The Regge limit is defined by choosing a boost leaving 
the origin fixed, and applying its unitary representative, U (u>) only to fields at the odd 
numbered points. That is 

G = hi+l( x 2i+l) ->■ U\u)(j)2i+l{x2i + l)U(uj). 

oj is the rapidity of the boost, and the Regge limit is the limit u> — > oo. 

If we consider the four point function in a theory with mass gap, our definition 
does not change the masses of the external legs, and therefore it can be translated to 
the momentum space invariant amplitude on mass shell. It corresponds to boosting p\ 
and p 3 (and applying the appropriate boost matrix to the spin indices of 13 ) with 
P2 fixed and p4 determined by momentum conservation 1 . Thus s = (pi + P2) 2 e w so 
and t — (pi — P3) 3 is fixed, and we reproduce the traditional Regge limit. The Regge 
limit is thus the limit where some fields in a Green function are given a large boost 
relative to others. The boost is chosen to leave the coordinate of one of the unboosted 

1 For a two body elastic process in the center of mass frame p^ stays on-shell if the boost is in a 
direction transverse to the exchanged momentum pi — p 3 
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points invariant. The boost singles out a 2-plane in Minkowski space, which we will 
henceforth refer to as the boost plane. 

We note that momentum space amplitudes, with momentum conservation imposed, 
are automatically translation invariant. Since boosts do not commute with translations, 
this introduces an ambiguity into the choice of boost that goes into the definition of 
the Regge limit of coordinate space Green's functions. Despite the fourfold continuous 
infinity of choices, there are really only two distinct limiting regimes. One can either 
choose, as we have, a boost which leaves one of the points in the correlation function 
invariant, or a boost around a generic point. The authors of [6] define a Regge limit 
for CFT 4-point functions in terms of cross ratios. If the cross ratios are parametrized 
as zz and (1 — z)(l — z), then the limit takes both z and z to zero, with fixed ratio. 
This is what happens if one does a relative boost of and ^2,4 with a boost that 
leaves a generic point fixed. We prefer the choice of leaving one of the correlation points 
fixed because, as we now show, this coincides exactly with the behavior of momentum 
space Green's functions. In free field theory, the prescription of [6], gives a different 
scaling for coordinate space and momentum space Green's functions, and the relative 
exponents for the leading behavior depend on which Feynman graph one is computing, 
and also on the spins of the underlying free fields and the choice of composite operator. 
As we will see below, our definition of the Regge limit for 4-point functions corresponds 
to taking one cross ratio to zero with the other fixed. 

1.1 Translations and Fourier Transforms 

Consider m + n points xf for i — 1, ...,n + m. Boosting the last m points gives: 



Now we can ask what happens by first translating the points by then boosting as 
above and finally undoing the translation the result is 



where z = (A — I)y. Therefore if we start with a function which is invariant 

under simultaneous translation of all the arguments by the same amount and apply 
the boosting procedure we end up with a function which does not have this property 
anymore. As a consequence the Fourier transform of the transformed function will not 
be proportional to the delta function of the sum of the n + m incoming momenta. 
Now consider first translating to x± — and then boosting the result is: 

(x±, x n _i, x n , x n+m _i) — > (0, x 2 — x±..,x n — Xi, h(x n+ i — Xi), A(x n+m — Xi)) 
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The transformation is clearly compatible with translation invariance of the original 
function because the transformed function will depend only on the differences Xi — 
x\. In order to see more explicitly what happens with Fourier transforms it is better 
to introduce a x[ variable in a way compatible with the translation invariance just 
established: 

/ (x ± , x 2 , .., x n+m ) — f(x 1 , x n , A (x n+1 — x-i) + x ± , A (x n+m — rr-J + x ± ) 
Indeed the right hand side is equal to 

f(0,X 2 — X 1 ,..,X n —X 1 ,A (x n+1 — A ( X n+m~ X l)) 

while the left hand side is by definition /'(0, x' 2 — x[, ...,x' n+m — x^) so that: 

f (0, x 2 — x 1 , x n+m — x x ) = /(0, x 2 — x 1 .., x n — x ± , A (x n+1 — x ± ), A (x n+m — x ± )) 

which is the action of the transformation we are considering. Start with the Fourier 
transform of f(xi): 

/ Y[dx i e^ Xi - pi f(x 1 ,...,x m+n ) = 
J i 

= J U i dx i e^ iXi ' Pi f(x 1 ,...,x n ,A(x n+1 -x 1 )+x 1 ,...,A(x n+m -x 1 )+x 1 ) 
Now change variables to x' n+i = A(x n+ i — xi) + x\ getting 

I f[dx t n dx'/i^^ 1 -^)-^^^^ 

J i=l j=n+l 

This is the fourier transform of the function /' with momenta 

n+m n+m 

Pi =Pl+ Yl ( J ~ A )^' = ~(P2 + ■■■+Pn + Ap n+1 + Ap n+m ) = - Y Pk 
j=n+l k=2 

P2i-,Pn=P2i-iPn 

Pn+li •••5 Pn+m = ^Pn+li •••■> Ap n + m 

Which is the natural definition of the Regge limit in momentum space for off-shell Green 
functions as discussed above. For four point functions generically this transformation 
does not keep pf invariant but for any value of on shell Pi there exist a class of A which 
keep the particles on the mass shell. We conclude that our definition of the Regge limit 
of coordinate space Green's functions, employing a boost which keeps one point in the 
Green's function fixed, will always coincide with the Regge limit in momentum space, 
for all operators in all field theories. 
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1.2 Light cone quantization and t-channel exchange 

Now let us consider quantization of the field theory in a light cone frame with x + — > 
e UJ x + , under the Regge boost. In this frame, all the odd numbered points will be later 
than all the even numbered ones. Using Lorentz invariance of the vacuum, we can 
rewrite the Green function as 



Here we have assumed n = 2k + 2. If, instead, n = 2k + 1 then the last field has 
2k + 2 — > 2k. Thus, in the light cone frame, the Regge limit defines a channel, splitting 
the operators in the correlator into two groups separated by a boost. For the four point 
function, this is just Mandelstam's t channel. This description allows us to write the 
correlator in the following suggestive manner: 



where p(A) is the spectral density of the boost, and the wave functions are overlaps 
with states of fixed boost eigenvalue. We can think of the boost as a Hamiltonian, and 
the Regge limit as the long time evolution under that Hamiltonian. 

From a purely mathematical point of view, if the product of wave functions and 
spectral density is a smooth function, /, of the real variable A, then the Riemann- 
Lebesgue lemma tells us that the correlator falls off faster than any power of oo. Indeed, 
we expect a behavior of the form 



where a is the imaginary part of the nearest singularity of / in the complex A plane, 
and k is determined by the nature of the singularity. A simple pole leads to a pure 
exponential, which is the traditional prediction of Regge theory. It is well known 
from the work of [2] that in weakly coupled Yang-Mills theory, the behavior is more 
complicated, and has k ^ 0, which generically corresponds in old fashioned language to 
a Regge cut. The authors of [4] have argued that Regge pole behavior will be restored in 
a confining theory, but at least in the vacuum channel, this is at best valid in the planar 
limit. The Pomeron pole behavior coming from the exchange of vectors is inconsistent 
with unitarity, and is generally expected to be replaced by a cut. Data on total cross 
sections also suggest this. 

It is important to note that in the above derivation, we took the plus components 
of BOTH xi i3 positive. After the boost, this does not correspond to the causal ordering 
we expect for scattering amplitudes. X\ is in the future of x 4 . Scattering kinematics 



G = (OlT+^On) • • • <p2k + i(x 2k+1 )}U(u)T + [<j) 2 (0) ■ ■ ■ <p2k + 2(x2k+2)]\0). 




(1.1) 



G^e 
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would be preserved if we took negative. Explicit computations in free field theory 
show that the scaling behavior of Green's function in the Regge limit is independent of 
the sign of xf. We will show later that, for a line of weakly coupled fixed points, the 
Regge limit of four point functions is defined by a Bethe-Salpeter like equation (as in 
the work of BFKL) of the form 



where the kernel K is exchanged in the t-channel. As a consequence of Lorentz invari- 
ance of the integration measure in this equation, the result of a relative boost between 
Xi 5 3 and £2,4 is simply a change in the kernel. We believe that a proof that the Regge ex- 
ponent is independent of the sign of x^ could be constructed by analyzing the analytic 
structure of this kernel. It certainly seems to be true order by order in perturbation 
theory. Thus, our simple expression for the limiting Regge behavior in terms of the 
matrix element of a boost operator, should also control the Regge behavior of scattering 
amplitudes. More work is needed to clarify the required analytic continuation in a way 
that does not depend on perturbation theory. 

It is our belief that the old fashioned "derivation" of Regge behavior from a 
Sommerfeld- Watson transform of a non-convergent partial wave expansion is some- 
what misleading. Pure Regge pole behavior is a mathematical ansatz, with no intrinsic 
physical principle underlying it. Our derivation of Regge behavior is much more robust, 
since a wide variety of singularities in the complex boost eigenvalue plane will give rise 
to exponentials modified by powers of the rapidity. It is also directly connected to the 
large boost behavior, in a physically transparent manner. 

The purpose of the rest of this paper is to try to elucidate this behavior from a 
field theoretic point of view. We will, for the present, restrict attention to conformal 
field theory. In our first section we will rewrite our definition of the Regge limit for 
the four point function of general primary fields. We will see that it corresponds to 
taking one cross ratio to zero with the other held fixed. We contrast this with the 
definition in [6]. We explain why any conformal partial wave expansion of the four 
point function, corresponding to the classification of states in terms of local operators 
acting on the vacuum, fails to capture the Regge limit. This mirrors the traditional 
failure of ordinary partial wave expansions for scattering amplitudes. 

In Section 3, our off-shell definition of the Regge limit allows us to study first 
the behavior of composite operator correlation functions in free field theory. We will 
find that Regge limits of four point functions have a universal character, and that the 
behavior of the Regge limit for general states \S e>0 ) is determined by the matrix element 
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of the large boost between states created by nearly light-like bilocals in the free fields 2 . 
These indeed have the expected pure Regge behavior. The Regge limit of higher point 
functions is more complicated and appears to depend on the choice of operator at the 
point we decide to define as the origin of the boost. 

In section 4 we study lines of fixed points that pass through a free field point and 
show that close to the free field point one can understand Regge behavior in terms of 
BFKL-like kernels, which depend on four space-time points. The kernels are defined as 
matrix elements of the boost operator between a pair of bi-local states. Finally, section 
5 is devoted to a description of the calculation of the Regge limit of four point functions 
in strongly coupled M = 4 gauge theory, using the AdS/CFT correspondence. This 
is a review of the work of [4]. Comparing their work with a recent paper by Hofman 
and Maldacena[7], we argue that dominance of the Regge limit by the exchange of a 
bi-local operator in the t channel is valid at strong coupling. 

2. Conformal 4 point functions 

We will follow the conventions of Dolan and Osborn[8], and consider the four point 
function of scalar operators fa in a four dimensional CFT. Define A^ = Aj± Aj, where 
Aj is the conformal dimension of fa. The conformal group is isomorphic to 5*0(2,4) 
and one can realize Minkowski space as the projective light cone 

V 2 = 9abV A V B = 0; il A ~ Arr 4 , 

in a six dimensional space with metric qab = diag (—1,1, 1,1, 1,-1). The conformal 
properties of Green's functions are most easily summarized by viewing the fields as 
functions of rj, with their dimensions Aj specifying how they transform under the 
projective equivalence: 4>{\rf) = A~ A 0(r]). 

It is important to understand that the Green's functions can be viewed as ex- 
pectation values in two quite different Hilbert spaces, which are related to different 
parameterizations of the projective light cone. These two formulations of the theory 
are not unitarily equivalent to each other. On the one hand, if we write 

rj = (cost, N, sinr), 

with N 2 = 1, we get a formulation of the theory on the manifold 3 Rx S 3 . On the other 
hand, we can write, using light front coordinates in the 45 plane, 

2 In interacting non-abelian gauge theory, the definition of these bilocal operators includes a light- 
like Wilson line. 

3 r is not a periodic variable if the dimensions in the CFT are not quantized, as is the generic case. 
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where we have used the projective invariance to set the second light front coordinate 
to I. This gives a formulation of the Green's functions in Minkowski space. 

The Hilbert space corresponding to the R x S 3 parametrization carries a unitary 
representation of the full SO (2, 4) conformal group. In that representation, a Minkowski 
boost generator J 0i in an 5*0(1, 3) subgroup is conjugate to the dilatation generator 
D = J45. On the other hand, in the Minkowski formulation, only the Poincare x 
Dilatation subgroup, whose generators are Joi, Jij, ^,4+5, J45, is unitarily implemented. 
The operators of finite special conformal transformations do not act unitarily on the 
Hilbert space, despite the fact that their generators = J M ,4-5, do act as formally 
Hermitian operators. In this formulation, D is not conjugate to a Minkowski boost. 
5*0(2,4) acts as an automorphism group of the operator algebra of the theory, only 
part of which is implemented unitarily. 

The two Hilbert spaces are related by a non-isometric map which implements the 
singular conformal transformation analogous to the stereographic projection of a two- 
sphere on a plane. In relating Green's functions in the two formulations, one must 
also take into account the conformal anomaly. Both formulations allow Euclidean 
continuation, but the Euclidean theories are also inequivalent. The first describes 
thermal expectation values for the operator K + P , while the second constructs the 
statistical mechanics of the operator P , acting on a different Hilbert space. The Regge 
limit we will define, makes sense only in the VxD Hilbert space, in which boosts and 
dilatation operators have different spectra. 

Dolan and Osborn describe the four point function in language appropriate to a 
partial wave expansion in a particular channel. In our case, the appropriate channel is 
the t-channel, even though we will see that the partial wave expansion is not relevant 
to the Regge limit. Thus we write 

(Mvi)MV2)MVs)MV4)) = vJ At %} Ati (—) 2Al3 (—) 2A ' M F(u,v), (2.1) 



where 77^ = rji ■ rjj, and u, v are the conformally invariant cross ratios 

7/137/24 7714^23 

u = , v = . 

7/127/34 77i 2 r/34 

Our definition of the Regge limit is a boost of r\\ and r/ 3 with rapidity u — > 00 in 
(say) the 1 direction. The boost leaves 772 invariant. The space time causal structure in 
the 01 plane is displayed in figure 1. In this limit the scalar products r/ 14 and r/ 34 scale 
like e w , while all others remain constant. The cross ratio u scales like e~ w , while v is 
fixed. The prefactor in the four point function scales like e2 wA 24 5 which is a constant 
when vacuum quantum numbers are exchanged in the t channel. 
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Figure 1: Effect of the boost in the 01 plane 



For the four point function, our definition of the Regge limit of the four point 
function, is thus to take one cross ratio to zero, with the other fixed. This is analogous 
to the standard prescription for scattering amplitudes, where s is taken to oo at fixed t, 
but is expressed in terms of conformally invariant quantities. Note that this is different 
from the prescription of [6] where both cross ratios are taken to extreme values, with 
the variable § fixed. We believe that this difference stems from the intuition the authors 

z 

of [6] gained from studying the eikonal approximation to scattering in bulk AdS space. 
This regime does not exist for a general CFT, and requires the large gap in anomalous 
dimensions for most operators in the theory, which allows one to have a quasi-local 
bulk description. In particular, the eikonal approximation requires the bulk impact 
parameter to be of order the AdS radius or larger, which is dual to taking some sort 
of UV limit in the CFT. Thus, we believe that the Regge regime defined in [6] is 
in some ways analogous to the BFKL hard pomeron regime in QCD (and indeed, in 
weakly coupled M = 4 SYM the two approximations agree). We have shown above 
that this limit corresponds to taking a relative boost which leaves none of points in the 
correlator fixed. It gives different scaling exponents than the corresponding momentum 
space Regge limit, and in free field theory, these differences depend on the underlying 
field content, the Feynman diagram, and the choice of composite operators. For simple 
free field theories the four point function 2.1 is a sum of terms of the form u n v m with n 
positive [8] therefore the limit considered in [6] can be obtained from the one we propose 
by taking v — > 1. Arguably in the interacting case the situation could be more complex 
and the two limits u — > and v — > 1 not commute. 

In Euclidean CFT the limit of one vanishing cross ratio is the limit controlled by 
the OPE or conformal partial wave expansion. The authors of [8] have determined the 
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form of the conformal partial waves exactly. For spin L and dimension D exchange, 
they are given by 

-^[:r Al+ V 2 F(Ai + a,\i + b, 2A X ; x)F(\ 2 + a - 1, A 2 + b - 1, 2A 2 - 2; z) - (x ->• z)]. 
Here the F's are the usual regular hypergeometric series around the origin and 
a = -^Ar 3 , 6 = ^A 24 , Ai = ^(-D + L), A 2 = ^(L> — L), u — xz, v = (1 - x)(l - z) 

However, as shown very carefully in [6] , for the causal relations implied by the Regge 
limit, one must analytically continue these functions, picking up terms proportional to 
the solutions of the hypergeometric equations that are singular at the origin. When 
that is done properly one sees that higher terms in the partial wave expansion become 
more and more singular in the Regge limit. This is exactly analogous to what happens 
in scattering theory, where higher spin exchange in the t channel is more and more 
singular in the Regge limit. 

The authors of [6] propose to deal with this by methods analogous to those of 
traditional Regge theory. They rewrite the partial wave expansion as an integral, 
using the Sommerfeld- Watson transformation, and then hypothesize that the leading 
singularity in complex angular momentum is a pole. We prefer to use the fact that we 
have exactly soluble CFTs, to guess what the general behavior is. Indeed, as we shall 
see, free field theory already has interesting Regge behavior, and this will enable us to 
formulate a general conjecture. 

3. Regge behavior in free CFT 

Free CFTs have no scattering states, and even free massive theories have no scattering 
amplitudes. Nonetheless, our definition of the Regge limit for correlation functions 
of composite operators is applicable to free CFTs, and gives interesting results. The 
computation of any such composite operator Green functions, in any free CFT, reduces 
to a complicated Feynman diagram. As usual, we restrict attention to connected Green 
functions. We will find the analysis simplest in terms of the Lorentz frame in which 
all the odd points are boosted to the right, while all the even points are un-boosted. 
We choose the conjugacy class of the boost in the Poincare group, by insisting that it 
leaves the point x 2 invariant. We will concentrate on the case of four point functions of 
composite scalar operators. Results are similar for operators with Lorentz indices, but 
the actual Regge behavior depends on how the indices are chosen on each side of the 
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t-channel. For higher point functions, the results depend on which operator is chosen 
to sit at the invariant point x 2 and a more refined analysis is needed. 

We will be discussing theories in four dimensions, containing free fields of spin 
s = 0, |, 1. For spin 1 we refer always to the gauge invariant field strength. Under 
boosts, these fields break up into 2s + 1 representations, transforming as e mtJ , with 
to = —s, — s + 1, . . . , s. 

The propagators in the diagram for any such Green function can be divided into 
three classes: 

• I. Propagators connecting two even points 

• II. Propagators connecting two odd points, or connecting an odd point to x 2 . 

• III. Propagators from an odd point, to £4. 

Propagators of class I are independent of u for all values of (s, to). Propagators of 
Class II behave like 

(mi+m 2 )u 
c 1 

while propagators of class III behave like 

e ((mi+TO2)-2s-l)u> 

To proceed, we must recall that Regge behavior depends on the quantum numbers 
exchanged in the t-channel. Free field theory has an infinite number of conservation 
laws. We define vacuum exchange by insisting that the two pairs of operators separated 
by the boost, each have a vacuum expectation value. This means that the number (and 
kind) of free fields in each of the composite operators in a pair is the same (recall that 
no self contractions are allowed by the definition of normal ordered operators). Thus 
for example the four point function 

(T <P\ Xi )<P\x,)<P 2 {x 2 )<P\x,)), 

does not correspond to a vacuum exchange, because the two point function of <p 2 and 4> 4 
vanishes. It then follows that the number b of propagators connecting X\ to X4 and x 2 
to x 3 must be the same. This is true as well for the number c of propagators connecting 
x\ to x 2 and x 3 to X4. 

Due to the scalar nature of the composite operators the dominant contribution of 
each graph in the large u limit is at most e -<4 6 + c ). It then follows that the Regge limit 
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is dominated by those graphs with b + c = 1 that is to say where just two lines are 
exchanged across the t channel. 

It is also clear that the Regge behavior is somewhat universal. All that really 
matters is what is going on at the vertices of the diagram from which the relevant 
cross-channel propagators emanate. This can be rephrased in a way which lends itself 
to far reaching generalization. In the introduction, we expressed the Regge limit as the 
limit of the matrix element of a boost operator between two states, \S e>0 ). Our free 
field analysis shows us that the limit is dominated by the overlap of those states with 
certain light-like multi-local operators. We use this phrase to refer to a product of local 
operators whose positions in the boost plane are confined to one of the two light rays 
defined by the boost. In fact, we believe that all that is relevant are bi- local operators. 

In the Regge limit of four point functions, all that appears in the t-channel analysis 
is states created by light-like bi-locals The set of all states create by acting on the vac- 
uum with light-like bi-local operators, whose component local operators are arbitrary 
primary fields, is over-complete. The analysis above shows that only the component of 
a state which has an overlap with the light-like bi-local whose constituents are elemen- 
tary fields (for s = 1 this means the gauge invariant field strength), is relevant in the 
Regge regime. For models with various values of s it is the free fields with highest s, 
which dominate in the Regge limit. 

For non-abelian gauge groups, the field strength bi-local is not gauge invariant when 
the coupling is different from zero. In this case it will be replaced at finite coupling by 

Tr [U\x,y)F(x)U(x,y)F(y)}, 

where U (x, y) is the Wilson line in the fundamental representation. When the gauge 
potentials are normalized so that the free field Lagrangian is g independent, this formula 
reduces to the sum of abelian field strength two point functions when g — > 0. We 
anticipate that these gauge invariant operators will be relevant both in asymptotically 
free theories and in theories with a line of fixed points passing through the origin. 

4. Bi-local operators and the Low-Nussinov-BFKL ansatz 

For vacuum quantum number (pomeron) exchange, in free QCD, the leading Regge 
behavior is dominated by the states 

Tr F +i (x + ,^U(x,y)F_ j (y^,y)U\x,y)\0), 
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where x is a transverse vector. In the interacting theory, the field strength should be 
the full gauge covariant non-abelian field strength and U is the null Wilson line 4 . When 
the coupling is zero, U = 1, and F is just the Maxwell field strength. The dominant di- 
agrams involve two gluons exchanged between bi-local operators on oppositely directed 
null rays. This is the Low-Nussinov model for the pomeron in QCD[9]. 

If, as in the case of M = SYM theory, we have a line of fixed points passing through 
the origin, we should expect that at small coupling the same bi-local operator domi- 
nates the Regge limit, but the two gluon exchange graph is decorated with interaction 
corrections. Thus, one must extract from the four gluon amplitude, the dominant set 
of graphs in the Regge limit. We can write a Bethe-Salpeter equation 



A(x u x 2 , x 3 , x A ) = K(x u x 2 ,x 3 , x A ) + J dydzK(x 1 , y, x 3 , z)A(y, x 2 , z, x 4 ), 
where the kernel K is two particle irreducible in the t channel. 






Figure 2: (a) is the dominant graph for the kernel K(x±, x 2 , x 3 , X4), (b) (c) and (d) are 
subdominant ones. 

If we look at a general graph contributing to the amplitude, and choose the Lorentz 
frame where the odd points are boosted and the even points left at rest, it is easy to 
see that all 00 dependence comes from the last rung of the ladder where the rest of 
the graph connects to the points X\ and x 3 . The Regge limit is dominated by graphs 
with a minimal number of lines in this last rung. Figure 2 shows the dominant graph 
and some sub-dominant ones. It is clear that the dominant Regge behavior is given 
by the solution of the Bethe-Salpeter equation with an approximate kernel. [10] have 
done a careful analysis of the dominant contributions to the kernel, and established 

4 We note that Balitsky[ll] has proposed that the Regge limit in QCD can be determined by the 
behavior of null Wilson lines. 
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the leading order Regge behavior in the weakly coupled SYM theory. They find a 
t dependent Regge exponent, as expected. We do not have anything to add to the 
quantitative part of their analysis, but we hope that our considerations have made it 
clear why the BFKL ansatz determines the leading Regge behavior at weak coupling. 

Note that at present we have nothing to say about the subtleties of the BFKL 
analysis in asymptotically free theories. One would hope to return to this point once a 
more complete understanding of conformal field theories is achieved. 



5. The transverse conformal group 

The little group of a light-like line is the product of a longitudinal conformal group 
SL(2,R) and a transverse conformal group SL(2,C) (in four dimensions). Scattering 
in the Regge limit involves two oppositely directed light-like lines, and is thus invariant 
only under the transverse conformal group. That is, the Bethe-Salpeter kernel of the 
previous section should be covariant under the transverse conformal group and we can 
use group theory to reduce the equation. This has already been exploited in the litera- 
ture on the BFKL limit. In this section, we give a brief discussion of the transformation 
properties of states created by null bi-locals under the transverse conformal group. 

Consider bilocal operators built from quasi-primary scalar operators of conformal 
dimensions A 5 . 

Oi, 2 (f) = J d^yf^x^O^O^x') (5.1) 

Under a conformal transformation x — >■ y O(x) — >■ 0'(y) = \^\~^0(x) these transform 
to: 



/ 



d 4l xd 4l x' 



dy' 




dy 


dx' 




dx 



A 

4 



f{y{x),y\x'))0 1 {x)0 2 {x') 



(5.2) 



For f(x,y) proportional to 5(x )5(x' ) and introducing complex coordinates (z, z') in 
the transverse plane we consider the operators: 

dx + dx' + J d 2 zd 2 z'f(x + ,x' + ,z,z')O 1 (x + ,0,z)O 2 (x' + ,0,z) (5.3) 

The two points we integrate over are spacelike separated, unlike the causal relation 
considered in section 2 and illustrated in figure 1. However we are interested in the 
behavior of the bilocals under a large boost in the (+, — ) plane under which the x + 
separation of the two points increases while the x~ separation shrinks. In this limit a 



5 we only consider two operators of the same dimension because we are eventually interested in the 
vacuum exchange channel for the four point function. 
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very small shift in the x~ coordinates of the two points defining the bilocal restores the 
previously considered causal relation. 

The action of the transverse conformal group and boost in the (+, — ) plane is: 

• Under the boost f(x + , x' + , z, z') — > X 2 f(Xx + , \x' + , z, z') 

• Under translations z — > z+a in the transverse plane f(x + , x' + , z, z') — > f(x + , x' + , z+ 
a, z' + a) 

• Under z — > Xz, z e C corresponding to dilatations and rotations in the trans- 
verse plane f(x+, x'+, z, z') ->■ |A| 6 - 2A /(|A|:r+, |A|a; ,+ , Xz, Xz') 

• Under z — > z(l — az)~ 1 ,x + — > x + \l — az\~ 2 which are the special conformal 
transformations in the transverse SL(2,C): 

f(x + ,x' + ,z,z') -)■ |l-az| 2A - 6 |l-az'| 2A - 6 /(^ + |l-^r 2 ,x' + |l-az / r 2 ,z(l-az)- 1 ,/(l-a/)- 1 ) 

The infinitesimal form of these transformations are starting with the boost 

x +d x+ +y + d y+ +2 (5.4) 

while the transverse SL(2, C) act as 

d z + d' z (5.5) 
zd z + z'd z , + {\/2){x + d x+ + y + d y+ ) + (l/2)(6 - 2A) (5.6) 
z 2 d z + z 2 d z , + zx + d x + + z'y + d y+ + (z + z')(3 - A) (5.7) 

and the respective anti-holomorphic ones. From this we obtain the expression for L 2 

-(z - z') 2 d z d z , + rf(z - z')d z + r]{z' - z)8' z + (1/4)(t7 + rf){rj + rf - 2) (5.8) 
r,' = (3-A + y + d y+ ), V = (3 - A + x + d x+ ) (5.9) 

We can now restrict the form of the function f(x + , y + , z, z f , z, z') to be: 

{x + y^- dl {y + y^- d2 f{z, z')g(z, z!) (5.10) 

In the following we set d\ = d 2 = 1 that is r\ = 2 — A + r^, r( = 2 — A + ij 2 - 
Over these functions we can diagonalize L 2 getting the following 

f(z, z') = {z- z ) a ^(z' - ZoY^'iz - z')- a (5.11) 
g(z, z!) = {z- z f- r '(z' - z f-v'(z - z')- & (5.12) 

(a - ±(rj + rf)){a + 1 - \(v + rf)) = h(h - 1) (5.13) 
(a - + rf))(a + 1 - \(v + rf)) = h(h - 1) (5.14) 
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For what concerns SL(2, C) the di — 1 just shift A — > A + 1 so in the following 
we will work with the shifted value unless otherwise noted. As we want a unitary 
representation of 51/(2, C) the parameter h has to be chosen h = ((n + l)/2 — iu) where 
n E Z and v E R. The two solutions for a are then a = h — 1 + (1/2) (77 + V) an d 
a = —h + (l/2)(r] + r] / ). They are related by v — > —v and n — > —n. The corresponding 
two a = —h + (1 /2)(?7 + rf) and a — h — 1 + (1/2) (77 + rj') respectively. It follows that 
a is related to a by n — > —n. The form of the functions f(z, z') is that of a three point 
function for an operator of weight i] at z one of weight rj' at z' and one of weight 1 — h 
at z . 

Denote F n,u (z — z , z' — z ) = f(z — z , z' — z Q )g{z — z , z! — z ). It is useful to 
define the following transform [2]: 

P P 

-,z 

2' 2 



F^{p) = ^ J d 2 ze^ z+q ' z) F n ' u (z + 

F n '"(2 - 20, - 20) = — *— / rf 2 ge-t(^'-2-o)/2+c. c .) F n,^ z _ y) ( 515 ) 

where c n;i , will be chosen shortly. The behavior of F™£(p) for pg — >■ comes from two 
regions in the integral: either z is of 0(1) and the exponential can be expanded or 



z ~ 



j= and we can neglect the \ in F n,u [z + |, z — |) therefore: 



P9 



y d 2 ^ n ' v ^+1,3-0+ 2- 4 ^(gpgp) 2w y rf^e^ (z+2 " ) (^) a+fi ~ ,? ^' (| 



Now choose the coefficient c n v such that 



c- 1 = — I d 2 zF n ' v (z + -,z-- 
n ' u 2vr J V 2 2 , 

(-1)" r(i - - |( 7 i - 7 2 ))r(i - + 1(71 - 7 2 ))r(i - 2h) 
2(1 - 2/i) r(i - h - i( 7 i - 7 2))r(i - h + |( 7l - 72 ))r(i - 2/1) 

And get 



(5.16) 



limCW = {pp) — ^ + ^ ? • 1 + e(n, v)2- 4 »{qpqp)*» ^ ) 1(5.17) 
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Where £(n, v) is equal to: 

' n + iv \ T(l-h- |(7i - 7 2 ))r(l - h + |( 7 i - 7 2 ))r(l - 2hf 
n - iv ) Y{\-h- |( 7l - 72 ))r(l - ^ + i( 7l - 72 ))r(l - 2/i) : 



(5.18) 



Note that £(n, z/) is of unit norm. Also the following relation holds £(— n, — v) — 1 
Next from conformal invariance the following relation holds: 



(r>\ l-2/i /o\ 2/1—1 

The coefficient z/) can be obtained by looking at the limit for qp — > 0. 

^) = C 1 ^, v) = £(-n, -v) 
In coordinate space this relation reads: 

F- n >~ v {z - zo, z'-z ) = ^ [ d 2 w(z - w)~ 2h (z - wf 1 ' 2 F n ' v {z -w,z'- w) (5.19) 

2ir J 

The orthogonality formula for the Fg^(p) has the following form dictated by conformal 
invariance: 

r d 2 p(p- P r- 2A F^(p)F^\-p) = 

A(n, v)5 n y5(is - v') + B(n, v)8 ni . n >8{y + v') (j) {qq) 2lv (5.20) 

The coefficients can be obtained by using the limiting form of the F"^(p) and are: 

A(n,v) = (27r) 2 (-l)" (5.21) 

B(n,v) = (27r) 2 £(n,z/)2- 4w (-l) n (5.22) 

This relation in coordinate space reads 



/ 



d 2 zd 2 z'\z - z'\ 8 - 4A F n ' u (z - z , z' - zo)F">" [ : - :„. : - 



n ,v ( J 



= A'(n, u)5 ny 5(u - u')5 2 (z - z' ) + B'(n, u)8 n ^5{y + u')(z - z' ) 2h - 2 (z - z' o y 2 ~ h 
Where the constants A'{n,v), B'(n,u) are given by. 
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Finally the completeness relation reads: 

(2ir) 4 5 2 (z - x) 5 2 (z' - x') = \z- z'\ 4 ~ 2A \x - x'\ 4 ~ 2A • 
^(-l) n du d 2 qe-^ z+z '- x - x ' )+c - c - ] F^(z - z')F^(x' - x) (5.25) 



n=0 

This is also readily written in coordinate space: 

(2ir) 4 5 2 (z - x) 5 2 (z' - x') = \z- z'\ 4 ~ 2A \x - x'\ 4 - 2A 



• ^(-l) n / duG(n, v) I d 2 wF n ' u (z -w,z'- w)F n > v (x' -w,x-w) (5.26) 

n=0 •* 

where G(n, v) = 4(n 2 + 4z/ 2 



n=0 

,2 , A ,.2\ 

The bilocal operators 2 uryirr2 (w) transform under the transverse conformal group 
SL(2,C) as fields of weight (—1 — 2%v + n, — 1 — 2%v — n) and get multiplied by 
e i(7i+72)x U nder a boost of rapidity x i n the (+, — ) plane. An equivalent construc- 
tion can be done for bilocal operators with x + = x' + = 0. Then we can write for the 
four point function when the first two points are in the future of the second couple 
{Oa(x + , x' + , z, z')Oa'(x~, x'~ , x, x')) (and expliciting the shift in A due to d — 1): 



oo „ „ 

(2tt)- 12 ^ / disG 2 (n,v) / dVw'd^d^d^d^x+y^ix 

n=0 J J 



'+\-^( x -)-ilU x '-)-il2 



\x - x'\ A - 4A \z - z'\ 4 - 4A 'F n ^(z' -w,z- w)F ,n ' v {x' -w',x- w') ■ 

5(7i + 72 - 7i - l' 2 )K(n, u, 7 i, 72, l[ , j 2 ){w - wT'^iw - w')-^^ (5-27) 

The integrals in w and w' can be done using 5.19 and the formula in appendix A 
obtaining: 

00 „ 

-(2tt)- 10 ^ / rfz/rf 7l rf7 2 rf7^ 7 ;(a; + )- i7l (^ + )~ l72 (^~)~^(^~)"^ • 

n=0 

\ z > _ z |-2A-i(7i+72)| x / _ a .|-2A'-i(7(+7^)| ;2; / _ a; |i(7i-7(-72 +72) . 

5(7i + 72 ~7i -i 2 )K(n, is, 71, 72, 7i, 72) 

i/)if(n, 1/, 71, 72, 7i, 7 2 > ?/> 1/) + v H{-n, -v, 71, 72, 7i, 7 2 > y» J/) J ( 5 - 28 ) 



where y = % z ][ x — 4 and 

(3 — x')(z— X) 



H(n, ^,7i,72,7i,7 2 ,y,2/) = 

= y K 1 +-)--yl( 1 -")-- 2 F 1 (a, 6; c; y) 2 F 1 (S, 6; 5; y) (5.29) 
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with: 



a = h+ -(71 - 72), a = l-h + -(71 - 72) 

& = ^ + ^(72-70, b=l-h+ t -( 1 ' 2 - 1 [) 

c = 2h, 5 = 2-2h (5.30) 

This consists in writing the four point function as an integral over partial waves 
in the transverse plane with weights (— 1 — 2iv + n, — 1 — 2iv — n). The behavior of 
the four point function under the Regge limit is governed by the closest singularity of 
K(n, u, 71, 72, 7i, 7 2 ) to the 7's real axis. 

For free fields the four point function only depends on integer powers of x + , x~ , x' + , x' 
therefore the function K(n, is, 71, 72, 7 1; 7 2 ) must have poles for integer imaginary values 
of the 7's. Also in this case the only partial waves that contribute to the sum have 
integer spin and dimension[8] therefore there will be poles for imaginary values of v. 

6. The strong coupling limit 

Our interest in the Regge limit of conformal field theory, stems from the seminal paper of 
BPST[4], who used AdS/CFT to calculate the Regge limit of "scattering amplitudes". 
Their method was to expand around the flat space limit of tree level string scattering 
amplitudes, where Regge behavior has been understood for decades. Unfortunately this 
method obscures the actual conformal field theory behavior. "Scattering amplitudes" in 
AdS space are really boundary CFT correlators in Poincare coordinates. They depend 
on cross ratios of boundary points, rather than flat momentum space invariants. There 
is a translation between the two, but the translation exercise was not carried out in [4]. 

We will therefore proceed by indirection. We briefly recapitulate the beautiful 
analysis of Regge behavior by BPST, which uses a Pomeron vertex operator. We then 
recall a paper of Maldacena and Hoffman[7], which shows that such non-local vertex 
operators in light cone gauge string theory, correspond to the kind of null bi-local 
boundary operators that we discussed above in the weak coupling limit. 

BPST begin by analyzing the Regge limit of tachyon scattering in closed bosonic 
string theory in flat space. They argue that this limit is dominated by the world sheet 
operator product expansion in the t channel, but that one must keep a selected set of 
higher order terms in the OPE, corresponding to all of the states on the leading Regge 
trajectory, rather than just the lowest lying one. The requisite formula is 

e ipiX(w) e -i P3 X(0) ^ \ w \-4~ a 't e i( Pl -p 3 )X(0)+i(wd+wd)piX(0)^ 
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The point is that ~ dominates the integral, and the factors of p\ in the second 
term compensate for the extra powers of w. One can formally do the d 2 w integral, and 
write the integral over the world sheet of the RHS as 



where 



n (l + a'-\ e i{ v--"> x <V\p 1 dXp 1 dX\ 1 + a 'i. 



n <") = 2 -f(rTi) e """- 



In actual fact, up to a constant, this derivation is the same for any pair of phys- 
ical vertex operators. The point is that all physical vertex operators have the same 
dimension and the factor e l ( pi ~ P3 ) x (°) is universal. This determines the power of \w\ in 
the OPE. The constant, which does depend on which vertex operators are involved, 
represents the coupling of the boosted string states to the pomeron Regge trajectory. 
Indeed, BPST prove a general formula for scattering of any string states in the Regge 
regime where two sets of vertex operators Wl,r are separated by a large relative boost 
with rapidity oj. The formula is 

U(v)e 2 y v (W R0 Vp)(V+W L0 ), 

where v — 1 + II is the function defined above, Wl,o, Wr,o are the vertex operators 
describing the systems boosted to the left or right respectively, but in their rest frames, 
and 



Thus, scattering in the Regge limit in tree level bosonic string theory is described by 
the coupling of the scattering systems to the Pomeron vertex operators, Vp. Similar 
formulae hold for the superstring, in the so called 0-picture, where everything is world 
sheet supersymmetrized in the obvious way, and the definition of v is shifted to eliminate 
the tachyon poles in the T functions. Details can be found in [4]. 

To apply these results to the Regge behavior of strongly coupled Super Yang Mills 
theory, one must generalize them to weakly curved space. The key point is that t 
can be thought of in coordinate space as the transverse Laplacian, and we can simply 
make this replacement in all the formulae. To evaluate the scattering amplitudes we 
must understand the eigenfunctions and eigenvalues of this operator. Flat space vertex 
operators are modified by functions of the AdS radial coordinate, which are easily 
computable to leading order in the world sheet loop expansion. Again, we refer the 
reader to [4] for the details. 
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The key feature which is not explained in [4] is the meaning of the Pomeron vertex 
operator in terms of CFT objects. Ordinary local vertex operators correspond to the 
stringy generalization of non-normalizable solutions of the linearized wave equation on 
AdS space. The clue to this lies in the work of Maldacena and Hofman[7] on Conformal 
Collider Physics. The basic idea in [7] is to study the correlation functions of the stress 
tensor and global symmetry currents in a conformal field theory, which are produced 
by the injection of a large amount of energy in the remote past. The energy of course, 
ends up running out to null infinity, and so one is interested in correlators of operators 
of the form 



where y is a transverse two vector. When the transverse positions of two of these 
operators are close together, one can do an operator product expansion, but the right 
hand side contains operators which are non-local in the y~ direction. Maldacena and 
Hofman show that the OPE in M = 4 SYM theory is dominated by a small number of 
bi-local operators of the type we have studied above. 

In the planar approximation, the AdS/CFT correspondence tells us that any cor- 
relation function in the SYM theory can be calculated as a world sheet expectation 
value in Type IIB string theory on AdS 5 x S* 5 . For strong 't Hooft coupling, the world 
sheet field theory is in its semi-classical limit. In computing the small transverse sepa- 
ration limit from the world sheet theory, MH encounter a world sheet OPE, where the 
dominant contribution comes from a vertex operator of the form 



where k is a transverse vector. The fractional power of a light cone coordinate again 
indicates non-locality along a null ray. Comparison with their general discussion in- 
dicates that one should associate such world sheet vertex operators with null bi-local 
operators in the gauge theory. It should be noted that the 3 in the exponent is related 
to the Lorentz spin of the dominant operator. This is precisely analogous to the ap- 
pearance of the "spin of the pomeron Regge pole" in the Pomeron vertex operators of 



These parallels, combined with our weak coupling results, lead us to the following 
general conjecture: 

• The Regge limit in a general CFT is dominated by the exchange of a small number 
of null-bi-local operators in the channel separating the left moving from the right 
moving operators. In gauge theories, the individual local operators from which 




{dX + dX + f /2 5{X + )e 



ikX 



BPST. 
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the bi-local is constructed, are not gauge invariant, and are accompanied by the 
appropriate null Wilson line. 

This conjecture is the central point of our paper. 
7. Conclusions 

We have defined a Regge limit for general correlation functions in quantum field theory, 
and shown how to evaluate it for correlation functions of gauge invariant composite 
operators in free conformal field theory. In free field theories of spins < 1, the Regge 
limit is determined in terms of the matrix elements 

(0\r)(xt,Xi = 0,Xi)t7(xJ,X3 = 0, x. 3 )U(u)r)(0, 0, x 2 )r?(:rj, x| = 0,x 4 )|0). 

77 is a gauge covariant free field. U (u) is a boost with rapidity oo and the light front 
coordinates are in the plane of that boost. In particular, for spin 1 77 is the Maxwell 
field strength. In an interacting theory which is a small perturbation of the free theory, 
like M = 4 SYM with weak coupling, the Maxwell tensor is replaced by the non-abelian 
field strength tensor, and null Wilson lines are appended to make the bi-local operator 
gauge invariant. 

We argued that this provided a derivation of the Low-Nussinov-BFKL prescription 
for the pomeron, at least for lines of conformal SYM theories passing through the origin. 
The BFKL kernel is just the leading Regge limit part of the bi-local two point function 
that is two particle irreducible in the t channel. The Bethe-Salpeter equation for the 
full two point function of bi-locals is covariant under the transverse conformal group 
SL(2, C) and we provided a derivation of the SL(2,C) transformation properties of 
null bi-locals constructed from conformal primaries. 

We also reviewed the work of BPST on Regge behavior in the strong coupling 
limit. Comparing it to the work of Maldacena and Hofman, we were led to conjecture 
that the Regge limit is dominated by the exchange of null bi-locals in the t channel 
in a general CFT. One of the first things that remains to be done is to sharpen this 
result in the strong coupling regime. To do this, we have to transform the BPST result 
into a function of the cross ratios, verify that their Regge limit coincides with the one 
defined in this paper (one cross ratio to zero with the other fixed), and try to identify 
the bi-local operator that dominates in the strong coupling limit. 

Other important avenues for future work include the development of a deeper 
understanding of states created from the vacuum by null bi-locals. If we let the local 
constituents of the bi-local be arbitrary primary fields, this is clearly an over-complete 
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set. How can we characterize the dominant term in the Regge limit in a more general 
way? Some insight may be gained by studying exactly soluble non-Gaussian CFTs in 
1 + 1 dimensions, though one may worry that some of the results will be somewhat 
special. 

The most important task to be accomplished is the study of how all of this general- 
izes to non-conformal theories and in particular to QCD. There is a wealth of evidence 
in the literature on Regge theory, for the existence of a "soft pomeron" regime, where 
Regge behavior is determined by the dynamics of confinement. Our methods, as yet, 
give no clues about how to understand that regime. 
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A. An Integral 

The following integral can be found in the literature [12, 2]: 



2i\ {a, b, a, b^F^c, a; b; y) 2 F 1 {c, a; b; y) + 2i\ 1 (a, b, c, a, b, c){y) 1 - b (y) 1 -' b • (A.2) 
• 2 Fi(c - b + 1, a - b + 1; 2 - b; y) 2 F 1 (c -b + l,a-b + l;2-b;y) 




(A.l) 



For a — a,b — b,c — c G Z and a,b,c,a — b,a — c,b — c Z the result is: 



where 



A (a, b, a, b) 



r(a)r(6 — a) r(a)r(6 — a) sin Tea sin n(b — a) 



(A.3) 



Ai(a, b, c, a, b, c) 




c) sin nb sin tic 



sin7r(6 — c) 
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